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Abstrat
Equations of Simons type are presented. They are satised by a
pair of speial operators assoiated to the immersion Σ2 # M2(c)×R
with onstant mean urvature. Some immersions are haraterized.
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1 Introdution
In 1994, using the traeless seond fundamental form φ = A − HI as-
soiated to an immersed hypersurfae Mn # Sn+1, H. Alenar and M. do
Carmo, see [AdC], proved that
Theorem. Let Mn # Sn+1 be an immersed hypersurfae. If Mn is
ompat and orientable with onstant mean urvature H and
|φ|2 ≤ BH ,
where BH is the square of the positive root of
PH(x) = x
2 +
n(n− 2)√
n(n− 1)Hx− n(H
2 + 1).
Then:
(a) Either |φ|2 = 0 (and Σ2 is totally umbili) or |φ|2 = BH .
(b) The H(r)-tori Sn−1(r) × S1(1 − r2) with r2 ≤ n− 1
n
are the only hy-
persurfaes with onstant mean urvature H and |φ|2 = BH .
Motivated by this result we deided to study this problem for surfaes in
M2(c)× R with c = ±1, where M2(−1) = H2 and M2(1) = S2.
1
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We begin by using the traeless seond fundamental form φ assoiate to
an immersed surfae Σ2 #M2(c)× R.
Then we study, in setion 3, a speial tensor S dened by
SX = 2HAX − c < X, T > T + c
2
(1− ν2)X − 2H2X, (1)
where X ∈ TpΣ, A is the Weingarten operator assoiated to the seond
fundamental form, H is the mean urvature, T is the tangential omponent
of the parallel eld ∂t, tangent to R in M
2(c)× R, and ν =< N, ∂t >.
This operator satises Codazzi's equation, provided H is onstant, and
its trae vanishes. We remark that any surfae with |S| = 0 and onstant
mean urvature is very interesting, beause the (2, 0)-part of the quadrati
dierential Q,
Q(X, Y ) = 2H < AX, Y > −c < X, ∂t >< Y, ∂t >,
of these surfaes is null. In [AR] setion 2, Abresh and Rosenberg desribed
four distint lasses of omplete, possibly immersed, onstant mean urvature
surfaes Σ2 # M2(c)× R with vanishing (2,0)-part of quadrati dierential
Q.
Three of these lasses are omprised by the embedded rotationally in-
variant surfaes; (i) they are the onstant mean urvature spheres S2H #
M2(c) × R of Hsiang and Pedrosa, see [Hs] setion 3 to the ase H2 × R
and [PR] to the ase S2 × R, (ii) their non-ompat ousins D2H , and (iii)
the surfaes C2H of atenoidal type. The fourth lass is omprised of ertain
orbits P 2H of the 2-dimensional solvable groups of isometries of M
2(c) × R.
In this paper we will all these surfae desribed in [AR] Abresh-Rosenberg
surfaes.
Then we obtain an equation of Simons type to S and apply it in some par-
tiular ases:
Theorem 1.1. Let Σ2 # M2(c)× R be an immersed surfae with non zero
onstant mean urvature H and S as dened in (1). Then,
1
2
∆|S|2 = |∇S|2 − |S|4 + |S|2
(
5cν2
2
− c
2
+ 2H2 − c
H
< ST, T >
)
+c|ST |2 − 1
4H2
< ST, T >2 .
Let us onsider the polynomial pH(t) = −t2 − 1
H
t +
(
4H2 − 1
2
)
. When
H is greater than one half then there is a positive root for pH . Let LH be
suh the positive root. One has:
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Theorem 1.2. Let Σ2 # S2 × R be a omplete immersed surfae with on-
stant mean urvature H greater than one half. Assume that
sup
Σ
|S| < LH .
Then Σ2 = S2H , i.e, Σ
2
is a Hsiang-Pedrosa sphere.
Remark.1: The number LH is
4H2 − 1√
8H4 − 2H2 + 1− 1 .
Let us onsider the polynomial qH(t) = −t2− 1
H
t+
(
8H4 − 12H2 − 1
4H2
)
.
When H greater than
√
12 +
√
176
16
, then there is a positive root for qH . Let
MH be suh the positive root.
Theorem 1.3. Let Σ2 # H2 × R be a omplete immersed surfae with on-
stant mean urvature H greater than
√
12 +
√
176
16
≈ 1.25664. Assume that
sup
Σ
|S| < MH .
Then Σ2 is an Abresh-Rosenberg surfae.
Remark.2: The number MH is
8H4 − 12H2 − 1
2H(
√
8H4 − 12H2 − 1 + 1) .
Remark.3: We have obtained some results in the ompat ase in setion
4.
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2 Preliminaries
Let Σ2 # M3 be an immersed surfae. Let ∇ denote the Levi-Civitá
onnetion on M3 and let ∇ denote the Levi-Civitá onnetion on Σ for the
indued metri.
Generally speaking, objets dened on M3 will be denoted by the same
symbols as the orresponding objets dened on Σ plus a bar over the symbol.
The Riemannian metri extends to natural inner produts on spae of
tensors and the above onnetions indue natural ovariant derivatives on
3
tensor elds. For example, for {e1, e2} a geodesi frame in p ∈ Σ2 and a
tensor ψ on Σ2, we have
∇2ψ(p) =
2∑
i=1
(∇ei∇eiψ)(p).
For more details about ovariant derivatives on tensor elds see [S℄, setions
1 and 2.
We adopt the following onvention for urvature tensor: if x, y, z ∈ TpΣ,
we dene Rx,yz by
Rx,yz = R(X, Y )Z(p) = (∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z)(p),
for any loal vetor elds whih extend the given vetors x, y, z.
The seond fundamental form is dened by α(X, Y ) = (∇XY )⊥ and the
Weingarten operator assoiated is given by Av = −(∇vN)T , where N is
an unit normal eld on Σ2. We use the Weingarten operator to dene the
operators
< R(A)x, y >:=
2∑
i=1
(− < Ax,Rei,yei > − < Ay,Rei,xei >
+ < Ay, x >< N,Rei,Nei > −2 < Aei, Rei,xy >) (2)
and
< R
′
x, y >:=
2∑
i=1
{< (∇xR)ei,yei, N > + < (∇eiR)ei,xy,N >},
where {e1, e2} is a orthonormal basis of TpΣ.
With this notation we have the following results:
Theorem 2.1. Let Σ2 # M3 be an immersed surfae with onstant mean
urvature H. For any x, y ∈ TpΣ we have
< (∇2A)x, y >= −|A|2 < Ax, y > + < R(A)x, y >
+ < R
′
x, y > +2H < RN,xy,N > +2H < Ax,Ay > . (3)
Proof. See Theorem 2 in [B℄ assumed that o-dimensional is 1.
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We will use the Omori-Yau Maximum Priniple. The proof this result
an be found in [Y ], Theorem 1.
Theorem 2.2 (Omori-Yau Maximum Priniple). Let M be a omplete Rie-
mannian manifold with Rii urvature bounded from below. If u ∈ C∞(M)
is bounded from above, then there exist a sequene of points {pj} ∈ M suh
that
lim
j→∞
u(pj) = sup
M
u, ||∇u||(pj) < 1
j
, and ∆u(pj) <
1
j
.
Let us reall the Gauss' equation to Σ2 in M2(c)× R:
R(Y,X)Z =< AX,Z > AY− < AY, Z > AX+c(< X,Z > Y− < Y,Z > X
− < Y, T >< X,Z > T− < X, T >< Z, T > Y
+ < X, T >< Y, Z > T+ < Y, T >< Z, T > X), (4)
where X, Y, Z in TpΣ, N is a unitary normal eld on Σ
2
and T is the tan-
gential omponent of the parallel eld ∂t. For more details see [D].
3 Simons' equation in M 2(c)× R
In this setion we will obtain an equation of Simons type for the traeless
seond fundamental form φ and for S dened in (1).
Let M2(c) × R, where M2(−1) = H2 and M2(1) = S2. In this ase we
have that R
′
=0, beause M2(c)× R is loally symmetri.
In Lemmas 3.1 and 3.2 we will onsider an immersed surfae Σ2 #
M2(c) × R with onstant mean urvature H where A is the Weingarten
operator assoiated to the seond fundamental form on Σ2.
Lemma 3.1. Denoting the identity by I, we have that
R(A) = c(5ν2 − 1)A− 4cHν2I.
Proof. Consider a geodesi frame {e1, e2} in p ∈ Σ2 and T = ∂t − νN ,
where ν =< N, ∂t >. For x, y ∈ TpΣ2, we ompute
< Ax,Rei,yei >= −c(< y,Ax > − < y, ei >< Ax, ei >
− < y, T >< Ax, T > − < ei, T >2< y,Ax >
+ < ei, T >< Ax, T >< ei, y > + < y, T >< ei, T >< ei, Ax >).
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Therefore
2∑
i=1
< Ax,Rei,yei >= −c(2 < y,Ax > −
2∑
i=1
< y, ei >< Ax, ei >
−2 < y, T >< Ax, T > −
2∑
i=1
< ei, T >
2< y,Ax >
+ < Ax, T >
2∑
i=1
< ei, T >< ei, y > + < y, T >
2∑
i=1
< ei, T >< ei, Ax >),
i.e,
2∑
i=1
< Ax,Rei,yei >= −c(2 < y,Ax > − < Ax, y > −2 < y, T >< Ax, T >
−|T |2 < y,Ax > + < Ax, T >< T, y > + < y, T >< Ax, T >)
= −c(< Ax, y > −|T |2 < Ax, y >) = −c(1− |T |2) < Ax, y > .
Thus,
2∑
i=1
< Ax,Rei,yei >= −cν2 < Ax, y > .
Now
< Rei,Nei, N >= −c{< e∗i , e∗i >< N∗, N∗ > − < e∗i , N∗ >2}, (5)
where v∗ = v− < v, ∂t > ∂t for any v ∈ Tp(M2(c)× R).
We ompute
< e∗i , e
∗
i >=< ei− < ei, ∂t > ∂t, ei− < ei, ∂t > ∂t >
=< ei, ei > −2 < ei, ∂t >< ei, ∂t > + < ei, ∂t >2
= 1− < ei, ∂t >2, (6)
< N∗, N∗ >=< N − ν∂t, N − ν∂t >
=< N,N > −2ν < N, ∂t > +ν2 < ∂t, ∂t >
= 1− ν2, (7)
< N∗, e∗i >=< N − ν∂t, ei− < ei, ∂t > ∂t >
< N, ei > − < ei, ∂t >< N, ∂t > −ν < ∂t, ei > +ν < ei, ∂t >< ∂t, ∂t >
6
= ν < ei, ∂t > . (8)
Taking (6), (7) and (8) into (5) obtain
< Rei,Nei, N >= −c{(1− < ei, ∂t >2)(1− ν2)− ν2 < ei, ∂t >2}
= −c{1− < ei, ∂t >2 −ν2+ < ei, ∂t >2 ν2− < ei, ∂t >2 ν2}
= −c{1− ν2− < ei, ∂t >2}.
Therefore,
2∑
i1
< Rei,Nei, N >= −c{2 − 2ν2 −
2∑
i1
< ei, ∂t >
2}
= −c(2− 2ν2 − |T |2) = −c(2− 2ν2 − 1 + ν2) = −c(1 − ν2).
Next, we observe that
< Aei, Rei,xy >= −c{< ei, y >< Ax, ei > − < y, x >< Aei, ei >
− < x, T >< Aei, T >< ei, y > − < ei, T >< y, T >< ei, Ax >
+ < ei, T >< Aei, T >< x, y > + < y, T >< x, T >< ei, Aei >},
i.e,
2∑
i=1
< Aei, Rei,xy >= −c{
2∑
i=1
< ei, y >< Ax, ei > − < y, x >
2∑
i=1
< Aei, ei >
− < x, T >
2∑
i=1
< Aei, T >< ei, y > − < y, T >
2∑
i=1
< ei, T >< ei, Ax >
+ < x, y >
2∑
i=1
< ei, T >< Aei, T > + < y, T >< x, T >
2∑
i=1
< ei, Aei >}.
Therefore,
2∑
i=1
< Aei, Rei,xy >= −c{< Ax, y > −2H < x, y > − < Ay, T >< x, T >
− < Ax, T >< y, T > + < AT, T >< x, y > +2H < x, T >< y, T >}.
Using expression (2) we have that
< R(A)x, y >= cν2 < Ax, y > +cν2 < x,Ay > − < Ax, y > c(1−ν2)+2c{< Ax, y >
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−2H < x, y > − < Ay, T >< x, T > − < Ax, T >< y, T > + < AT, T >< x, y >
+2H < x, T >< y, T >},
i.e,
< R(A)x, y >= 3cν2 < Ax, y > +c < Ax, y > −2c < x, T >< Ay, T >
−2c < Ax, T >< y, T > +2c < AT, T >< x, y > −4cH < x, y >
+ 4cH < x, T >< y, T > . (9)
If T = 0 at all points, then we have a slieM2(c)×{t0}. Assume that T 6= 0
and hoose an oriented positive orthogonal frame {T,E}, where T is non
zero. Then evaluating (9) in the frame {T,E} we obtain
< R(A)T, T >= 3cν2 < AT, T > +c < AT, T > −2c < AT, T > |T |2−4cH|T |2(1−|T |2)
= 3cν2 < AT, T > +c < AT, T > −2c < AT, T > (1− ν2)− 4cH|T |2ν2
= 5cν2 < AT, T > −c < AT, T > −4cHν2 < T, T >,
< R(A)T,E >= 3cν2 < AT,E > +c < AT,E > −2c < AT,E >
= 5cν2 < AT, T > −c < AT, T >=< R(A)E, T >,
and
< R(A)E,E >= 3cν2 < AE,E > +c < AE,E > +2c < AT, T > |E|2−4cH|E|2
= 3cν2 < AE,E > +c < AE,E > +2c(2H|E|2− < AE,E >)|E|2−4cH|E|2
= 3cν2 < AE,E > +c < AE,E > −4cH|E|2(1− |E|2)− 2c < AE,E > |E|2
= 3cν2 < AE,E > +c < AE,E > −2c < AE,E > (1−ν2)−4cHν2 < E,E >
= 5cν2 < AE,E > −c < AE,E > −4cHν2 < E,E > .
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It follows that
R(A) = c(5ν2 − 1)A− 4cHν2I,
where T is non zero. Using ontinuity it an be extended to points where
T = 0.
Lemma 3.2. < RN,xy,N >= −c{< x, T >< y, T > − < x, y >< T, T >}.
Proof. We observe that
< x∗, y∗ >=< x, y > − < x, T >< y, T >,
< x∗, N∗ >= ν < x, T >
and
< N∗, N∗ >= 1− ν2,
where we have used v∗ = v− < v, ∂t > ∂t for any v ∈ Tp(M2(c)× R).
It follows that
< RN,xy,N >= −c{< N∗, x∗ >< N∗, y∗ > − < N∗, N∗ >< x∗, y∗ >}
= −c{(ν < x, T >)(ν < y, T >)− (< x, y > − < x, T >< y, T >) < T, T >}
= −c{ν2 < x, T >< y, T > − < x, y >< T, T > + < x, T >< y, T >
−ν2 < x, T >< y, T >} = −c{< x, T >< y, T > − < x, y >< T, T >}.
This onludes the proof.
Corollary 3.1. Let Σ2 # M2(c)× R be an immersed surfae with onstant
mean urvature H where A is the Weingarten operator assoiated to the se-
ond fundamental form on Σ2. Then,
< (∇2A)x, y >= −|A|2 < Ax, y > +c(5ν2 − 1) < Ax, y > −4cHν2 < x, y >
−2cH{< x, T >< y, T > − < x, y >< T, T >}+ 2H < Ax,Ay > .
Proof. Consider equation (3)
< (∇2A)x, y >= −|A|2 < Ax, y > + < R(A)x, y >
+ < R
′
x, y > +2H < RN,xy,N > +2H < Ax,Ay > .
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Now, we use Lemmas 3.1 and 3.2 to obtain
< (∇2A)x, y >= −|A|2 < Ax, y > +c(5ν2 − 1) < Ax, y > −4cHν2 < x, y >
−2Hc{< x, T >< y, T > − < x, y >< T, T >}+ 2H < Ax,Ay > .
This onludes the proof.
Consider two tensors S,W on Σ2. We dene the inner produt < S,W >
in p ∈ Σ2 as
< S,W >=
2∑
i=1
< Sei,Wei >,
where {e1, e2} is an orthonormal basis for TpΣ.
Lemma 3.3. Let Σ2 # M2(c) × R be an immersed surfae with onstant
mean urvature where A is the Weingarten operator assoiated to the seond
fundamental form on Σ2. Then,
(a) < ∇2A, I >= 0.
(b) < ∇2A,A >= −|A|4 + c(5ν2 − 1)|A|2 − 8cH2ν2 − 2cH < AT, T >
+4cH2|T |2 + 2Htr(A3).
Proof. Consider {e1, e2} an orthonormal basis of TpΣ. We use the de-
nition of the inner produt between tensors and the expression in Corollary
3.1 to obtain
< ∇2A,A >=
2∑
i=1
< (∇2A)ei, Aei >= −|A|2
2∑
i=1
< Aei, Aei > +
c(5ν2−1)
2∑
i=1
< Aei, Aei > −4cHν2
2∑
i=1
< Aei, ei > −2cH{
2∑
i=1
< AT, ei >< ei, T >
− < T, T >
2∑
i=1
< Aei, ei >}+ 2H
2∑
i=1
< A2ei, Aei > .
Therefore,
< ∇2A,A >= −|A|4+c(5ν2−1)|A|2−8cH2ν2−2cH < AT, T > +4cH2|T |2+2Htr(A3).
10
Using the denition of the inner produt and Corollary 3.1 we obtain
< ∇2A, I >=
2∑
i=1
< (∇2A)ei, ei >= −|A|2
2∑
i=1
< Aei, ei > +
c(5ν2 − 1)
2∑
i=1
< Aei, ei > −8cHν2 − 2cH{
2∑
i=1
< T, ei >< ei, T >
−2 < T, T >}+ 2H
2∑
i=1
< A2ei, ei > .
Therefore,
< ∇2A, I >= −2H|A|2 + c(5ν2 − 1)2H − 8cHν2 + 2cH < T, T > +2H|A|2
= −2H|A|2 + c(5ν2 − 1)2H − 8cHν2 + 2cH(1− ν2) + 2H|A|2
= 10cHν2 − 2cH − 8cHν2 + 2cH − 2cHν2 = 0,
where we have used that ν2 + |T |2 = 1.
Proposition 3.1. Let Σ # M2(c)×R be an immersed surfae with onstant
mean urvature H and φ the traeless seond fundamental form, then
(a) |φ|2 = |A|2 − 2H2.
(b) ∇φ = ∇A.
(c) trA3 = 3H|φ|2 + 2H3.
Proof. The proof of the item (a) is:
|φ|2 =< φ, φ >=< A−HI,A−HI >=< A,A > −2H < A, I > +H2 < I, I >
= |A|2 − 4H2 + 2H2 = |A|2 − 2H2,
where < A, I >= 2H and < I, I >= 2.
To prove the item (b) we onsider tangent elds X, Y . Then,
(∇Xφ)Y = (∇XA)Y − (∇X(HI))Y = (∇XA)Y −∇XHI(Y ) +H∇XY
= (∇XA)Y −H∇XY −X(H)Y +H∇XY = (∇XA)Y,
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beause H is onstant.
Next, the proof to the item() is:
tr(A3) =
2∑
i=1
< A3ei, ei >=
2∑
i=1
< (φ+HI)3ei, ei >
=
2∑
i=1
< (φ3 + 3Hφ2 + 3H2φ+H3I)ei, ei >= 3H|φ|2 + 2H3,
beause trφ = trφ3 = 0.
Corollary 3.2. Let Σ # M2(c) × R be an immersed surfae with onstant
mean urvature H and φ the traeless seond fundamental form. Then
< ∇2φ, φ >= −|φ|4 + (2H2 + 5cν2 − c)|φ|2 − 2cH < φT, T > .
Proof. We use the Proposition 3.1 and obtain
< ∇2φ, φ >=< ∇2A,A−HI >=< ∇2A,A > −H < ∇2A, I > .
Now, we use the Lemma 3.3 and obtain
< ∇2φ, φ >= −|A|4 + c(5ν2 − 1)|A|2 − 8cH2ν2 + 2cH < AT, T >
+4cH2|T |2 + 2Htr(A3).
Therefore
< ∇2φ, φ >= −(|φ|2 + 2H2)2 + c(5ν2 − 1)(|φ|2 + 2H2)− 8cH2ν2
−2cH < (φ+HI)T, T > +4cH2|T |2 + 2H(3H|φ|2 + 2H3),
whih brings us to
< ∇2φ, φ >= −|φ|4−4H2|φ|2−4H4+c(5ν2−1)|φ|2+2c(5ν2−1)H2−8cH2ν2
−2cH < φT, T > −2cH2|T |2 + 4cH2|T |2 + 6H2|φ|2 + 4H4.
Hene,
< ∇2φ, φ >= −|φ|4 + 2H2|φ|2 + c(5ν2 − 1)|φ|2 − 2cH < φT, T > .
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Now we shall obtain an equation of Simons' type for the traeless seond
fundamental form φ:
Theorem 3.1. Let Σ2 # M2(c) × R be an immersed surfae with onstant
mean urvature H and φ is traeless seond fundamental form. Then
1
2
∆|φ|2 = |∇φ|2 − |φ|4 + (2H2 + 5cν2 − c)|φ|2 − 2cH < φT, T > .
Proof. We use that
1
2
∆|φ|2 = |∇φ|2+ < ∇2φ, φ > and Corollary 3.2.
Now we evaluate the Laplaian of |S|2 where
S = 2HA− c < T, · > T + c
2
(1− ν2)I − 2H2I. (10)
Theorem 3.2. Let Σ2 # M2(c) × R be an immersed surfae with onstant
mean urvature and S dened in (10).Then
(∇XS)Y = (∇Y S)X,
for all tangent elds X, Y on Σ2.
Proof. We onsider (u, v) an isothermal parameter to a surfae Σ2. Now,
we onsider the omplex parametri to riemannian metri, z = u + iv. Let
us set
TS(X, Y ) := (∇XS)Y − (∇Y S)X = ∇X(SY )−∇Y (SX)− S[X, Y ].
We will prove that TS is null. For this, onsider
∂z =
1
2
(∂u − i∂v) and ∂z = 1
2
(∂u + i∂v).
Compute,
< TS(∂z, ∂z), ∂z >= ∂z < S∂z, ∂z > − < S∂z,∇∂z∂z >
−∂z < S∂z, ∂z > + < S∂z,∇∂z∂z >
= −Q(2,0)z = 0,
beause Q(2,0) is holomorphi and we used that ∇∂z∂z = 0, ∇∂z∂z =
λz
λ
∂z,
< S∂z, ∂z >= Q
(2,0)
and < S∂z, ∂z >= 0, where λ =< ∂z , ∂z >.
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Next, we ompute
< TS(∂z, ∂z), ∂z >= ∂z < ∂z, S∂z > − < S∂z,∇∂z∂z >
−∂z < S∂z, ∂z > + < S∂z,∇∂z∂z >
= −Q(2,0)z = 0,
where we use that ∇∂z∂z =
λz
λ
∂z and Q(2,0)z = Q
(2,0)
z . It follows that TS = 0.
Lemma 3.4. Let S be a symmetri operator satisfying Codazzi's equation
and tr(S) = 0, then
< (∇2S)x, y >=
2∑
i=1
{− < Sy,Rei,xei > − < Sei, Rei,xy >}, (11)
where {e1, e2} is an orthonormal basis of TpΣ.
Proof. Let us onsider a geodesi frame {E1, E2} in p ∈ Σ2 whih extend
the basis {e1, e2} and X, Y loal vetor parallel elds whih extend the given
vetors x, y. Compute
(∇2S)X =
2∑
i=1
(∇Ei∇EiS)X =
2∑
i=1
∇Ei((∇EiS)X)
=
2∑
i=1
∇Ei((∇XS)Ei =
2∑
i=1
(∇Ei∇XS)Ei =
2∑
i=1
(∇X∇EiS)Ei+
2∑
i=1
(R(Ei, X)S)Ei
=
2∑
i=1
∇X((∇EiS)Ei) +
2∑
i=1
(R(Ei, X)S)Ei
= ∇X
(
2∑
i=1
(∇EiS)Ei
)
+
2∑
i=1
(R(Ei, X)S)Ei,
where we have used that S satisfying Codazzi's equation.
Then,
< (∇2S)x, y >=< ∇X
(
2∑
i=1
(∇EiS)Ei
)
, Y > +
2∑
i=1
< (R(Ei, X)S)Ei, Y >
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= X
(
2∑
i=1
< (∇EiS)Ei, Y >
)
+
2∑
i=1
< (R(Ei, X)S)Ei, Y >
= X(tr(∇Y S)) +
2∑
i=1
< (R(Ei, X)S)Ei, Y >
= XY (tr(S)) +
2∑
i=1
(< (R(Ei, X)(SEi), Y > − < S(R(Ei, X)Ei), Y >).
By using that trS = 0, and omputing the above at the point p, we obtain
< (∇S)x, y >=
2∑
i=1
(− < (R(ei, x)y, Sei > − < R(ei, x)ei, Sy >).
Let us evaluate eah summand in the expression (11).
Lemma 3.5. Let S be an operator as in Lemma 3.4. Then,
i)
2∑
i=1
< Sy,Rei,xei >= −cν2 < Sx, y > −2H < Ax, Sy > + < A2x, Sy > .
and
ii)
2∑
i=1
< Sei, Rei,xy >= −cν2 < Sx, y > − < Ay, SAx > + < Ax, y > tr(AS).
Proof. Consider {e1, e2} an orthonormal basis of TpΣ. Using the Gauss'
equation (4) we have
< Sy,Rei,xei >= −c{< x, Sy > − < x, ei >< Sy, ei > − < x, T >< Sy, T >
− < ei, T >2< x, Sy > + < ei, T >< x, ei >< Sy, T >
+ < x, T >< ei, T >< ei, Sy >}− < Aei, ei >< Ax, Sy >
+ < Ax, ei >< Aei, Sy > .
Therefore,
2∑
i=1
< Sy,Rei,xei >= −c{2 < x, Sy > −
2∑
i=1
< x, ei >< Sy, ei >
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−2 < x, T >< Sy, T > − < x, Sy >
2∑
i=1
< ei, T >
2
+ < Sy, T >
2∑
i=1
< ei, T >< x, ei > + < x, T >
2∑
i=1
< ei, T >< ei, Sy >}
− < Ax, Sy >
2∑
i=1
< Aei, ei > +
2∑
i=1
< Ax, ei >< Aei, Sy >,
whih implies that
2∑
i=1
< Sy,Rei,xei >= −c{2 < x, Sy > − < Sx, y > −2 < x, T >< Sy, T >
− < x, Sy > |T |2+ < Sy, T >< x, T > + < x, T >< T, Sy >}
− < Ax, Sy > 2H+ < Ax,ASy > .
Hene,
2∑
i=1
< Sy,Rei,xei >= −c(1−|T |2) < Sx, y > −2H < Ax, Sy > + < A2x, Sy >,
whih shows the validity of (i). Now,
< Sei, Rei,xy >= −c{< ei, y >< Sei, x > − < x, y >< Sei, ei >
− < x, T >< Sei, T >< ei, y > − < ei, T >< y, T >< x, Sei >
+ < ei, T >< x, y >< Sei, T > + < x, T >< y, T >< ei, Sei >}
− < Aei, y >< Ax, Sei > + < Ax, y >< Aei, Sei > .
Therefore
2∑
i=1
< Sei, Rei,xy >= −c{
2∑
i=1
< ei, y >< Sei, x > − < x, y >
2∑
i=1
< Sei, ei >
− < x, T >
2∑
i=1
< Sei, T >< ei, y > − < y, T >
2∑
i=1
< ei, T >< x, Sei >
+ < x, y >
2∑
i=1
< ei, T >< Sei, T > + < x, T >< y, T >
2∑
i=1
< ei, Sei >}
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−
2∑
i=1
< Aei, y >< Ax, Sei > + < Ax, y >
2∑
i=1
< Aei, Sei > .
Therefore
2∑
i=1
< Sei, Rei,xy >= −c{< Sx, y > − < x, T >< Sy, T > − < y, T >< Sx, T >
+ < ST, T >< x, y >}− < Ay, SAx > + < Ax, y > tr(AS),
where we used that trS = 0.
Using the fat that
− < x, T >< Sy, T > − < y, T >< Sx, T > + < ST, T >< x, y >
= −(1 − ν2) < Sx, y >,
we nd that
2∑
i=1
< Sei, Rei,xy >= −cν2 < Sx, y > − < Ay, SAx > + < Ax, y > tr(AS),
whih shows (ii).
Corollary 3.3. Let Σ2 # M2(c) × R be an immersed surfae with on-
stant mean urvature H and S the operator satisfying Codazzi's equation
with trS = 0. Then,
< (∇2S)x, y >= 2cν2 < Sx, y > +2H < Ax, Sy > − < A2x, Sy >
+ < Ay, SAx > − < Ax, y > tr(AS).
Proof. We use the expressions of Lemma 3.5 in the equation (11) ob-
tained in Lemma 3.4.
Next we obtain an equation of Simons' type for the operator S as dened
in (10).
Theorem 3.3 (Theorem 1.2 in Introdution). Let Σ2 # M2(c) × R be an
immersed surfae with non zero onstant mean urvature H and S as dened
in (10). Then,
1
2
∆|S|2 = |∇S|2 − |S|4 + |S|2
(
5cν2
2
− c
2
+ 2H2 − c
H
< ST, T >
)
+c|ST |2 − 1
4H2
< ST, T >2 .
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Proof. We know that
1
2
∆|S|2 = |∇S|2+ < ∇2S, S >. Furthermore,
using Corollary 3.3, we obtain
< ∇2S, S >= 2cν2|S|2 + 2Htr(AS2)− [tr(AS)]2.
Now, we need to ompute tr(AS2) and tr(AS).
We have
tr(AS2) = tr{S2(S + c
2H
< T, · > T − c
4H
(1− ν2)I +HI)}
= trS3 +
c
2H
tr(< T, S2· > T )−
( c
4H
(1− ν2)−H
)
trS2
= 0 +
c
2H
|ST |2 −
( c
4H
(1− ν2)−H
)
|S|2
and
tr(AS) = tr{S(S + c
2H
< T, · > T − c
4H
(1− ν2)I −HI)}
= trS2 +
c
2H
tr(< T, S· > T )− ( c
4H
(1− ν2)−H)trS
= |S|2 + c
2H
< ST, T > −0,
where we used that trS = trS3 = 0, that
tr(< T, S· > T ) =
2∑
i=1
< T, Sei >< T, ei >=< ST, T >
and that
tr(< T, S2· > T ) =
2∑
i=1
< T, S2ei >< T, ei >=< S
2T, T > .
Therefore,
1
2
∆|S|2 = |∇S|2 + 2cν2|S|2 + 2H
( c
2H
|ST |2 −
( c
4H
(1− ν2)−H
)
|S|2
)
−
(
|S|2 + c
2H
< ST, T >
)2
,
so that,
1
2
∆|S|2 = |∇S|2 + 2cν2|S|2 + c|ST |2 −
( c
2
(1− ν2)− 2H2
)
|S|2
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−|S|4 − c
H
< ST, T > |S|2 − 1
4H2
< ST, T >2 .
Rearranging terms, we obtain nally
1
2
∆|S|2 = |∇S|2 − |S|4 + |S|2
(
5cν2
2
− c
2
+ 2H2 − c
H
< ST, T >
)
+c|ST |2 − 1
4H2
< ST, T >2 .
4 Appliations
In this setion, we will apply the results in setion 3 together with the
Omori-Yau's Theorem and lassify some surfaes in M2(c)× R.
Theorem 4.1. Let Σ2 # H2 × R be an oriented omplete non-ompat im-
mersed minimal surfae. Assume that
sup
Σ
(|A|2 + 5ν2) < 1.
Then Σ2 is a vertial plane γ × R for some geodesi γ in H2.
Proof. Using Theorem 3.1 with H = 0 and c = −1, so
1
2
∆|A|2 = |∇A|2 − |A|4 + (1− 5ν2)|A|2 ≥ |A|2 (−|A|2 + 1− 5ν2) .
Let
d
2
:= − supΣ(|A|2 + 5ν2) + 1 > 0. Therefore,
∆|A|2 ≥ d · |A|2. (12)
Using Gauss' equation (4) in H2 × R we have
KΣ = Kext − ν2 = −|A|
2 + 5ν2
2
+
3ν2
2
≥ −1
2
.
Now we an use Theorem 2.2 with u = |A|2, i.e, there exist {pj} in Σ2 suh
that
lim
j→∞
|A|2(pj) = sup
Σ
|A|2 and lim
j→∞
∆|A|2(pj) ≤ 0.
Therefore we use inequality (12) to onlude that supΣ |A|2 = 0, i.e, Σ2 is
totally geodesi with |ν| < √0.2.
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Sine Σ2 is totally geodesi and |ν| < √0.2 it annot be a slie, it must
be a vertial plane γ × R for some geodesi γ in H2.
Theorem 4.2. Let Σ2 # H2 × R be a omplete immersed surfae with on-
stant mean urvature H. Assume that
sup
Σ
(|φ|2 + 5ν2) < 2H2 + 1 and < φT, T >≥ 0.
Then Σ2 is a vertial plane γ × R for some geodesi γ in H2.
Proof. We onsider the expression in Theorem 3.1 with c = −1:
1
2
∆|φ|2 = |∇φ|2 − |φ|4 + (2H2 + 1− 5ν2)|φ|2 + 2H < φT, T > .
As < φT, T >≥ 0, we have
1
2
∆|φ|2 ≥ −|φ|4 + (2H2 + 1− 5ν2)|φ|2.
Consider
d
2
:= 2H2 + 1− supΣ(|φ|2 + 5ν2) > 0. Then
∆|φ|2 ≥ 2|φ|2(2H2 + 1− 5ν2 − |φ|2) ≥ d|φ|2,
whih implies,
∆|φ|2 ≥ d|φ|2. (13)
Using Gauss' equation (4) in H2 × R we have
KΣ = Kext − ν2 = −|φ|
2 + 5ν2 − 2H2
2
+
3ν2
2
≥ −1
2
.
Now we an use Theorem 2.2 with u = |φ|2, i.e, there exist {pj} in Σ2 suh
that
lim
j→∞
|φ|2(pj) = sup
Σ
|φ|2 and lim
j→∞
∆|φ|2(pj) ≤ 0.
Furthermore, we use inequality (13) to onlude that supΣ |φ|2 = 0, i.e, Σ2
is totally umbilial. Next, we use the results obtained in [ST ] in setion 4 to
onlude that Σ2 is totally geodesi, where we have used that if Σ2 is totally
umbilial with onstant mean urvature in H
2×R then Σ2 is totally geodesi.
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Sine Σ2 is totally geodesi and |ν| < √0.2 it must be a vertial plane
γ × R for some geodesi γ in H2. This onludes the proof.
We need the following result:
Lemma 4.1. Let Σ2 # M2(c) × R be a omplete immersed surfae with
non zero onstant mean urvature H. Then |S| = 0 if and only if Σ2 is an
Abresh-Rosenberg surfae.
Proof. We onsider (u, v) an isothermal parameter to a surfae Σ2. Now,
we onsider the omplex parameter to riemannian metri, z = u + iv and
(2,0)-part of the Abresh-Rosenberg dierential
Q(u, v) = 2H < Au, v > −c < u, T >< v, T > .
We an rewrite Q as
Q(u, v) =< Su, v > − c
2
(1− ν2) < u, v > +2H2 < u, v > .
Next we evaluate Q(∂z , ∂z) and use that < ∂z, ∂z >= 0:
Q(∂z , ∂z) =< S∂z, ∂z >=
(
e˜− g˜
4
)
− i f˜
2
,
where e˜ =< S∂u, ∂u >= − < S∂v, ∂v >= −g˜ and f˜ =< S∂u, ∂v >. Therefore
|Q(2,0)| =
√(
e˜− g˜
4
)2
+
f˜ 2
4
=
√
e˜2
4
+
f˜ 2
4
=
1
2
√
2
|S|.
This onludes the proof.
Let us onsider the polynomial pH(t) = −t2 − 1
H
t +
(
4H2 − 1
2
)
. When
H is greater than one half then there is a positive root for pH . Let LH be
the positive root. One has:
Theorem 4.3 (Theorem 1.3 in Introdution). Let Σ2 # S2×R be a omplete
immersed surfae with onstant mean urvature H greater than one half.
Assume that
sup
Σ
|S| < LH .
Then Σ2 = S2H , i.e, Σ
2
is a Hsiang-Pedrosa sphere.
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Proof. Consider the expression in Theorem 3.3 with c = 1:
1
2
∆|S|2 = |∇S|2 − |S|4 + |S|2
(
5ν2
2
− 1
2
+ 2H2 − 1
H
< ST, T >
)
+|ST |2 − 1
4H2
< ST, T >2 .
As | < ST, T > | ≤ |ST | ≤ |S|, we have
1
2
∆|S|2 ≥ −|S|4 + |S|2
(
4H2 − 1
2
− 1
H
|S|
)
+
(
4H2 − 1
4H2
)
< ST, T >2,
hene,
1
2
∆|S|2 ≥ |S|2
(
4H2 − 1
2
− 1
H
|S| − |S|2
)
+
5
2
ν2|S|2, (14)
beause H >
1
2
.
Observe that
4H2 − 1
2
− 1
H
|S| − |S|2 ≥ pH(supΣ|S|) =: d
2
> 0
and ν2|S|2 ≥ 0. Therefore
∆|S|2 ≥ d|S|2. (15)
Now we estimate |S|.
|S| ≥ 2H|A| − | < T, · > T | − (1− ν2)− 4H2 ≥ 2H|A| − 2(1− ν2)− 4H2,
that is,
LH ≥ |S| ≥ 2H|A| − 2− 4H2.
Using Gauss' equation (4) in S2 × R we have
KΣ = Kext + ν
2 = −|A|
2
2
+ 2H2 + ν2 ≥ −1
2
(
LH + 2 + 4H
2
2H
)2
.
Now we an use Theorem 2.2 with u = |S|2, i.e, there exists a {pj} in Σ2
suh that
lim
j→∞
|S|2(pj) = sup
Σ
|S|2 and lim
j→∞
∆|S|2(pj) ≤ 0.
We then use inequality (15) to onlude that supΣ |S|2 = 0, i.e, |S| = 0 in
Σ2. Using Lemma 4.1 we onlude the proof.
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Theorem 4.4. There exists no Σ2 # S2×R omplete immersed surfae with
onstant mean urvature greater than one half suh that |S| = LH .
Proof. Suppose that there exist Σ2 # S2×R satisfying ondition of the
theorem. Using the expression (14)
1
2
∆|S|2 ≥ |S|2
(
4H2 − 1
2
− 1
H
|S| − |S|2
)
+
5
2
ν2|S|2,
with |S| = LH we have:
0 ≥ 0 + 5
2
ν2L2H ≥ 0.
Hene ν = 0, i.e, Σ2 # S2 × R is a ylinder γ × R for some γ ∈ S2 with
onstant urvature 2H .
On the other hand, for the ylinder γ × R, where γ ∈ S2 with onstant
urvature 2H , we have that
S =

 2H2 +
1
2
0
0 −2H2 − 1
2

 .
As |S| =
√
2
2
(4H2 + 1) > LH we have a ontradition.
Theorem 4.5. Let Σ2 # S2×R be a losed immersed surfae with onstant
mean urvature H greater than one half. Assume that
|S| ≤ LH .
Then Σ2 = S2H , i.e, Σ
2
is a Hsiang-Pedrosa sphere.
Proof. Let us onsider the expression (14)
1
2
∆|S|2 ≥ |S|2
(
4H2 − 1
2
− 1
H
|S| − |S|2
)
+
5
2
ν2|S|2.
As |S| ≤ LH , we have 4H
2 − 1
2
− 1
H
|S| − |S|2 ≥ 0. Hene,
1
2
∆|S|2 ≥ 5
2
ν2|S|2.
23
Integrating and using Stokes' Theorem we have
0 ≥ 5
2
∫
Σ
ν2|S|2dΣ ≥ 0.
It follows that |S| · ν = 0. If ν = 0 then we have a ylinder, but this is
not possible beause Σ2 is losed. Therefore |S| = 0. Using Lemma 4.1 we
onlude the proof.
Let us onsider the polynomial qH(t) = −t2− 1
H
t+
(
8H4 − 12H2 − 1
4H2
)
.
When H is greater than a positive root of the polynomial r(x) = 8x4−12x2−
1, i.e, H greater than
√
12 +
√
176
16
, then there is a positive root for qH . Let
MH be the positive root.
Theorem 4.6 (Theorem 1.4 in Introdution). Let Σ2 # H2 × R be a
omplete immersed surfae with onstant mean urvature H greater than√
12 +
√
176
16
≈ 1.25664. Assume that
sup
Σ
|S| < MH .
Then Σ2 is an Abresh-Rosenberg surfae.
Proof. Consider the expression in Theorem 3.3 with c = −1
1
2
∆|S|2 = |∇S|2 − |S|4 + |S|2
(
−5ν
2
2
+
1
2
+ 2H2 +
1
H
< ST, T >
)
−|ST |2 − 1
4H2
< ST, T >2 .
As | < ST, T > | ≤ |ST | ≤ |S|, we have
1
2
∆|S|2 ≥ −|S|4 + |S|2
(
4H2 + 1− 5ν2
2
− 1
H
|S|
)
−
(
4H2 + 1
4H2
)
|S|2,
i.e,
1
2
∆|S|2 ≥ |S|2
(
4H2 − 4 + 5− 5ν2
2
− 1
H
|S| − 4H
2 + 1
4H2
− |S|2
)
.
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This may be rewritten as,
1
2
∆|S|2 ≥ |S|2
(
8H4 − 12H2 − 1
4H2
− 1
H
|S| − |S|2
)
+
5
2
(1− ν2)|S|2. (16)
Observe that
8H4 − 12H2 − 1
4H2
− 1
H
|S| − |S|2 ≥ qH(supΣ|S|) =: d
2
> 0
and (1− ν2)|S|2 ≥ 0. Therefore,
∆|S|2 ≥ d|S|2. (17)
Next we estimate |S|.
|S| ≥ 2H|A| − | < T, · > T | − (1− ν2)− 4H2 ≥ 2H|A| − 2(1− ν2)− 4H2,
i.e,
MH ≥ |S| ≥ 2H|A| − 2− 4H2.
Using Gauss' equation (4) in H2 × R we have
KΣ = Kext − ν2 = −|A|
2
2
+ 2H2 − ν2 ≥ −1
2
(
MH + 2 + 4H
2
2H
)2
.
Now we an use Theorem 2.2 with u = |S|2, i.e, there exists a {pj} in Σ2
suh that
lim
j→∞
|S|2(pj) = sup
Σ
|S|2 and lim
j→∞
∆|S|2(pj) ≤ 0.
We use inequality (17) to onlude that supΣ |S|2 = 0, i.e, |S| = 0 in Σ2.
Then using Lemma 4.1 we onlude the proof.
Theorem 4.7. There exists no Σ2 # H2 × R a omplete immersed surfae
with onstant mean urvature greater than
√
12 +
√
176
16
≈ 1.25664 suh that
|S| = MH .
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Proof. Suppose that there exists Σ2 # H2 × R satisfying ondition of
the theorem. Using the expression (16)
1
2
∆|S|2 ≥ |S|2
(
8H4 − 12H2 − 1
4H2
− 1
H
|S| − |S|2
)
+
5
2
(1− ν2)|S|2
with |S| = MH we have:
0 ≥ 0 + 5
2
(1− ν2)M2H ≥ 0.
Hene ν2 = 1, i.e, Σ2 # H2 × R is a slie H2 × {t0}. But H2 × {t0} has zero
mean urvature, and this is impossible beause H is positive.
Theorem 4.8. Let Σ2 # H2×R be a losed immersed surfae with onstant
mean urvature H greater than
√
12 +
√
176
16
≈ 1.25664 . Assume that
|S| ≤MH .
Then Σ2 = S2H , i.e, Σ
2
is a Hsiang-Pedrosa sphere.
Proof. Let us onsider the expression (16)
1
2
∆|S|2 ≥ |S|2
(
8H4 − 12H2 − 1
4H2
− 1
H
|S| − |S|2
)
+
5
2
(1− ν2)|S|2.
As |S| ≤MH , we have 8H
4 − 12H2 − 1
4H2
− 1
H
|S| − |S|2 ≥ 0. Hene,
1
2
∆|S|2 ≥ 5
2
(1− ν2)|S|2.
Integrating and using Stokes' Theorem we have
0 ≥ 5
2
∫
Σ
(1− ν2)|S|2dΣ ≥ 0.
Moreover (1− ν2) · |S|2 = 0. If ν2 = 1, again we have a slie, but this is not
possible. Therefore |S| = 0. Using Lemma 4.1 we onlude the proof.
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